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We consider supersymmetric quantum mechanical mod-
els with both local and nonlocal potentials. We present a
nonlocal deformation of exactly solvable local models. Its en-
ergy eigenfunctions and eigenvalues are determined exactly.
We observe that both our model Hamiltonian and its super-
symmetric partner may have normalizable zero-energy ground
states, in contrast to local models with nonperiodic or peri-
odic potentials.
I. INTRODUCTION
Nonlocal potentials occur in the single particle descrip-
tions of many-body systems such as the Hartree-Fock ap-
proximation [1] and have intrinsic applications in atomic
and molecular physics [2], solid-state physics [3], and nu-
clear physics [4]. Nonlocal models are also used in study-
ing statistical properties of extended objects such as poly-
mers and proteins [5].
In this paper we are interested in exactly solvable
quantum mechanical models with nonlocal potentials.
We resort here to supersymmetric (SUSY) quantum me-
chanics [6,7] which has been extensively studied recently.
SUSY has been applied to exact solvability [8] in con-
nection with shape invariance [9], inverse scattering [10],
supersymmetry-inspired WKB method [11], and surface
critical phenomena of inhomogeneous Ising models [12].
It is also generalized to higher dimensions [13], N -body
problems [14], and dynamics [15].
In SUSY quantum mechanics, a given Hamiltonian and
its SUSY partner have identical spectra except the zero-
energy ground state. In ordinary cases, either one or
neither of the partner Hamiltonians has a zero-energy
ground state, in which case SUSY is unbroken or bro-
ken, respectively. Dunne et al. [16] considered SUSY
quantum mechanical models with periodic potentials to
find that it is possible for both SUSY partners to have
zero-energy ground states. However their ground states
are not normalizable because they are Bloch states. In
the present paper we consider SUSY quantum mechani-
cal models with both local and nonlocal potentials. We
present a simple nonlocal deformation of exactly solv-
able local models. We find the energy eigenfunctions and
eigenvalues exactly and observe that both supersymmet-
ric partners may have, in some parameter range, normal-
izable zero-energy ground states, which are in contrast to
local models with nonperiodic or periodic potentials.
II. NONLOCAL POTENTIALS AND
SUPERSYMMETRY
The time-independent Schro¨dinger equation with both
local and nonlocal potentials in one dimension is, in the
position representation,
− h¯
2
2m
d2
dx2
ψ(x) + V−(x)ψ(x)
+
∫ +∞
−∞
dy v−(x, y)ψ(y) = E−ψ(x) . (1)
The invariance under time reversal and the conserva-
tion of the probability require that V−(x) and v−(x, y)
are real and that v−(x, y) is symmetric in x and y. In
the Hartree-Fock approximation the nonlocal potential
(or the proper self-energy) is determined self-consistently
from the given external local potential and two-body in-
teractions [1]. But in this paper, we assume that the
potentials are given in the beginning.
There are trivial choices of potentials which are exactly
solvable. Suppose that ψn(x) are the real normalized
eigenstates of a local-potential problem
− h¯
2
2m
d2
dx2
ψn(x) + V−(x)ψn(x) = E
(0)
n ψn(x) (2)
with n the number of nodes of ψn(x). Then a trivial
choice of the nonlocal potential v−(x, y) is of the form
v−(x, y) =
∑
n
ǫnψn(x)ψn(y) (3)
1
with ǫn real numbers. Then ψn(x) is the eigenfunction
of Eq. (1) with energy eigenvalue En = E
(0)
n + ǫn. Hence
we see that even though E
(0)
n < E
(0)
n+1 in local models,
En < En+1 may not hold in models with nonlocal po-
tentials. We may also consider a momentum dependent
potential v(pˆ) [18]. In the position representation, it may
be alternatively represented as a nonlocal potential
v−(x, y) =
1
2πh¯
∫ ∞
−∞
dp eip(x−y)/h¯v(p) , (4)
which depends only on the difference x− y. If we further
restrict the local potential V−(x) to be harmonic, then in
the momentum representation, we have
− 1
2
mω2h¯2
d2
dp2
ψ(p) +
(
p2
2m
+ v(p)
)
ψ(p) = Eψ(p) , (5)
which is of the same form as the local-potential problem
(2) in the position representation, so that we may ex-
ploit the solvable models of local potentials. In addition,
nonlocal separable potentials also lead to solvable models
[17]. In the following we will exclude these cases.
Sometimes it is convenient to write potentials in oper-
ator form as
Vˆ− =
∫ ∞
−∞
dx |x〉V−(x)〈x| ,
vˆ− =
∫ ∞
−∞
dx
∫ ∞
−∞
dy |x〉v−(x, y)〈y| . (6)
Then the Hamiltonian is
Hˆ− =
pˆ2
2m
+ Vˆ− + vˆ− . (7)
As in SUSY quantum mechanics with local potentials [7],
we assume that the Hamiltonian Hˆ− can be factorized in
the form Hˆ− = Aˆ
†Aˆ. Its SUSY partner Hamiltonian Hˆ+
is then given by
Hˆ+ = AˆAˆ
† =
pˆ2
2m
+ Vˆ+ + vˆ+ . (8)
First-order differential operators Aˆ† and Aˆ are defined by
Aˆ† = − ipˆ√
2m
+ Wˆ + wˆ ,
Aˆ =
ipˆ√
2m
+ Wˆ + wˆ , (9)
where Wˆ and wˆ are defined by Eq. (6) with V− and v−
replaced by the local superpotential W and the nonlocal
superpotential w, respectively. Then we see that the po-
tentials are written in terms of the superpotentialsW (x)
and w(x, y) as
V±(x) = [W (x)]
2 ± h¯√
2m
dW (x)
dx
,
v±(x, y) =
∫ ∞
−∞
duw(x, u)w(u, y) + {W (x) +W (y)}w(x, y)
± h¯√
2m
[
∂w(x, y)
∂x
+
∂w(x, y)
∂y
]
. (10)
If w(x, y) is symmetric, then so are v±(x, y). If W (x)
and w(x, y) are real, so are V±(x) and v±(x, y).
Whereas in local models the relationship between the
ground state and the superpotential W (x) is one-to-one,
this is not true in nonlocal models. Given the superpo-
tentials W (x) and w(x, y) the zero-energy ground state
ψ0(x) of Hˆ− is obtained from the integro-differential
equation
h¯√
2m
dψ0(x)
dx
+W (x)ψ0(x) +
∫ ∞
−∞
dy w(x, y)ψ0(y) = 0 .
(11)
Conversely, for any normalized function ψ0(x), we could
choose
w(x, y) = − h¯√
2m
[ψ′0(x)ψ0(y) + ψ0(x)ψ
′
0(y)]
− ψ0(x){W (x) +W (y)}ψ0(y)
+ C(x, y) , (12)
Then ψ0(x) is the zero-energy ground state as long as
arbitrary real functions W (x) and C(x, y) [= C(y, x)]
satisfy the requirements
∫ ∞
−∞
dyW (y) [ψ0(y)]
2 = 0 ,
∫ ∞
−∞
dy C(x, y)ψ0(y) = 0 . (13)
In order to determine higher energy eigenvalues exactly,
we need to specify the superpotentials.
III. A NONLOCAL DEFORMATION OF LOCAL
MODELS
As a specific example of the above formalism, we con-
struct a class of exactly solvable models with both local
and nonlocal potentials starting from any exactly solv-
able local model with a superpotential W0(x) which is
an odd function of x . Examples are the harmonic os-
cillator with W0(x) =
√
m
2 ωx and the Rosen-Morse II
or Scarf II potential with W0(x) = a tanhαx. Now we
choose
W (x) = (1− c)W0(x) ,
w(x, y) = −c h¯√
2m
δ′(x + y) , (14)
2
where c is a real parameter of nonlocality. Using Eq. (10)
we obtain that
V±(x) = (1− c)2[W0(x)]2 ± (1− c) h¯√
2m
W ′0(x) ,∫ ∞
−∞
dy v±(x, y)ψ±(y)
= c2
h¯2
2m
ψ′′±(x) ∓ 2c
h¯2
2m
ψ′′±(−x)
+ c (1− c) h¯√
2m
W ′0(x)ψ±(−x) . (15)
The nonlocal potential may be written as
vˆ± = c
2 pˆ
2
2m
± 2c pˆ
2
2m
Pˆ + c (1− c) h¯√
2m
W ′0(xˆ)Pˆ , (16)
where Pˆ is the parity operator. Thus the Hamiltonians
Hˆs with s = ± are written as
Hˆs = (1 + sPˆ c)
2 pˆ
2
2m
+ (1− c)2[W0(xˆ)]2
+ s(1− c) h¯√
2m
W ′0(xˆ)(1 + sPˆ c) . (17)
We may mention that there is no classical analog of the
present model since Hˆ± contains the parity operator.
Since [Hˆ±, Pˆ ] = 0, we look for simultaneous eigenstates
ψ±(x) of Hˆ± and Pˆ . If Pˆψs(x) = ψs(−x) = Pψs(x) with
P = ±1, then the eigenvalue equation for Hˆs becomes
− (1 + sPc)2 h¯
2
2m
ψ′′s (x) +
[
(1− c)2[W0(x)]2 + s(1 + sPc)(1− c) h¯√
2m
W ′0(x)
]
ψs(x) = Esψs(x) . (18)
There are two singular cases (c = ±1). At c = 1 , Hˆ±
in the P = ±1 sector is a free Hamiltonian, which has no
bound state. At c = ±1 , Hˆ− (Hˆ+) has no kinetic term
in the P = ±1 (P = ∓1) sector. In the following we will
disregard these cases.
We may represent Hˆs in terms of the local Hamiltonian
Hˆ
(0)
s (= Hˆs with c = 0) as follows: [19]
Hˆs =


(1− c)2Hˆ(0)s (P = −s)
(1− c)2Hˆ(0)αs
∣∣∣
h¯→h¯(c)
(P = +s) ,
(19)
where the symbols α = sgn[(1 + c)/(1 − c)] and h¯(c) =
h¯|(1 + c)/(1 − c)| are introduced. We have α = +1 for
|c| < 1 and α = −1 for |c| > 1. Note that the local
Hamiltonians Hˆ
(0)
s are even in parity. The above rela-
tion (19) may be summarized in Table I. From the table
or Eq. (19), we see, in particular, that for any |c| > 1
(α = −1), both Hˆ+ and Hˆ− in the given parity sector
P are proportional to Hˆ
(0)
−P (up to an appropriate rescal-
ing of h¯, when necessary), and thus both operators have
normalizable zero-energy ground states.
We assume sgnW0(±∞) = ±1, which ensures the ex-
istence of unbroken SUSY for local models (c = 0) where
Hˆ
(0)
− has a zero-energy ground state. Then the normal-
ized eigenstates ψ
(0)
s,n(x) of Hˆ
(0)
s have energies E
(0)
s,n, where
the nonnegative integer n labels the number of nodes:
E
(0)
−,0 = 0, E
(0)
−,n = E
(0)
+,n−1 , and P = (−1)n. The eigen-
states of Hˆ
(0)
− and Hˆ
(0)
+ are related by
Aˆ(0)ψ
(0)
−,n =
√
E
(0)
−,n ψ
(0)
+,n−1 ,
Aˆ(0)†ψ
(0)
+,n =
√
E
(0)
+,n ψ
(0)
−,n+1 , (20)
where Aˆ(0) and Aˆ(0)† are given by Eq. (9) with Wˆ = Wˆ0
and wˆ = 0. Now we see that the normalized eigenfunc-
tions of Hˆ± are given by
ψ−,n(x) =


ψ
(0)
−,n(x) (n even, c 6= 1)
ψ
(0)
−,n(x)
∣∣∣
h¯→h¯(c)
(n odd, |c| < 1)
ψ
(0)
+,n(x)
∣∣∣
h¯→h¯(c)
(n odd, |c| > 1) ,
ψ+,n(x) =


ψ
(0)
+,n(x) (n odd, c 6= 1)
ψ
(0)
+,n(x)
∣∣∣
h¯→h¯(c)
(n even, |c| < 1)
ψ
(0)
−,n(x)
∣∣∣
h¯→h¯(c)
(n even, |c| > 1) .
(21)
The corresponding energy eigenvalues are given by
E−,n =


(1 − c)2E(0)−,n (n even, c 6= 1)
(1− c)2E(0)−,n
∣∣∣
h¯→h¯(c)
(n odd, |c| < 1)
(1− c)2E(0)+,n
∣∣∣
h¯→h¯(c)
(n odd, |c| > 1) ,
E+,n =


(1 − c)2E(0)+,n (n odd, c 6= 1)
(1− c)2E(0)+,n
∣∣∣
h¯→h¯(c)
(n even, |c| < 1)
(1− c)2E(0)−,n
∣∣∣
h¯→h¯(c)
(n even, |c| > 1) .
(22)
As in local models we have labelled the eigenfunctions
by the number of their nodes. But in the nonlocal mod-
els, the energy eigenvalues are not ordered by the number
of nodes. The operator Aˆ (Aˆ†) converts an eigenfunction
of Hˆ− (Hˆ+) into an eigenfunction of Hˆ+ (Hˆ−) with the
same energy. Explicitly,
Aˆψ−,n(x) =


A−,n ψ+,n−1(x) (n even, c 6= 1)
A−,n ψ+,n−1(x) (n odd, |c| < 1)
A−,n ψ+,n+1(x) (n odd, |c| > 1) ,
Aˆ†ψ+,n(x) =


A+,n ψ−,n+1(x) (n odd, c 6= 1)
A+,n ψ−,n+1(x) (n even, |c| < 1)
A+,n ψ−,n−1(x) (n even, |c| > 1) .
(23)
where As,n = sgn(1− c)
√
Es,n . We see that Aˆ , when
applied to eigenfunctions of Hˆ−, destroys a node in the
3
even eigenfunction for c 6= 1 or in the odd eigenfunc-
tion for |c| < 1, but creates an extra node in the odd
eigenfuction for |c| > 1. Similar behavior holds for the
operator Aˆ†. If |c| < 1, then the ground state ψ+,0(x)
of Hˆ+ has a positive energy and the SUSY is unbroken
(Witten index ∆ = 1 − 0 = 1) [6]. Howerver, if |c| > 1,
then the ground states ψ−,0(x) and ψ+,0(x) both have
zero energy as discussed above, and are annihilated by
Aˆ and by Aˆ†, respectively. The SUSY is still unbroken
for |c| > 1 even though the Witten index ∆ = 1− 1 = 0.
This case is similar to that with periodic potentials con-
sidered by Dunne et al. [16] who found that it is possi-
ble for both SUSY partners to have zero-energy ground
states. Their ground states are not normalizable because
they are Bloch states. However, normalizable are the
eigenfunctions we obtained in the present paper.
It may be noted that at particular values of c some of
energy eigenvalues are doubly degenerate. In these cases
the Hamiltonian Hˆ− (or Hˆ+) and the parity operator
Pˆ form a complete set of commuting observables in con-
trast to the normal situation in one dimension, where the
Hamiltonian alone is sufficient.
IV. CONCLUSIONS
We have considered nonlocal potentials in connection
with SUSY quantum mechanics. The local and nonlocal
potentials are expressed in terms of the local and nonlocal
superpotentials. We have presented a nonlocal extension
of exactly solvable local models. Its energy eigenfunc-
tions and eigenvalues are determined exactly and it is
observed that both supersymmetric partners (Hˆ±) may
have, in some parameter range, normalizable zero-energy
ground states. It would be interesting to find a (suffi-
cient) condition of solvability generalizing the shape in-
variance which is applicable to models with both local
and nonlocal potentials.
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TABLE I. The representation of the Hamiltonians Hˆs in
the parity sector P = ±1 in terms of the local Hamiltonians
Hˆ
(0)
s (= Hˆs with c = 0). The symbols α and h¯(c) are defined
in the text.
P = +1 P = −1
Hˆ− (1− c)
2Hˆ
(0)
−
(1− c)2Hˆ
(0)
−α
∣∣∣
h¯→h¯(c)
Hˆ+ (1− c)
2Hˆ
(0)
α
∣∣∣
h¯→h¯(c)
(1− c)2Hˆ
(0)
+
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